We consider rotating, kinematic dynamos at low P m. We show that the inclusion of rotation leads to an increase in spatio-temporal coherence and a modification of the turbulent spectrum. These effects make the flow more efficient in driving the dynamo, in the sense that the energy injection rate required to reach the critical value of the magnetic Reynolds number Rm c reduces in comparison with a non-rotating dynamo (Seshasayanan et al. 2017) . For random dynamos it is known that the growth-rate would largely be determined by the spectral index of the flow at the resistive scale. Here, however, we demonstrate that the dynamo growth-rate in rotating flows is determined by the long-lived large scale eddies with a coherence time greater than the local turnover time.
Introduction
The origin of magnetic fields in planets, stars and galaxies is often attributed to hydromagnetic dynamo action (Parker 1979) . In a dynamo, a magnetic field is generated against the action of Ohmic dissipation by stretching within the flow. In this study, we address a fundamental question of kinematic dynamo theory, which is concerned with what determines the growth rate of the dynamo instability in non-random turbulent flows at the early stages of the dynamo. By non-random turbulent flows we mean flows which have a well-defined spectrum and correlation time consisting of two components, a random component due to high Reynolds number turbulence and a more coherent component associated with some constraint, such as rotation, stratification, shear. These flows are ubiquitous in geophysics and astrophysics.
The evolution of the magnetic field B is given by the linear induction equation (see Eq. (2.2) below), which, for steady and oscillatory flows admits solutions of the form B = b(x) exp(λt), where λ is a complex eigenvalue, γ = Re(λ) is the growth rate of the magnetic field and b is bounded as x → ∞. For turbulent statistically steady flows γ represents the mean growth-rate of the dynamo. For random kinematic dynamos i.e. those with short correlation times, it is generally believed that there is a straight-forward relationship between the statistical properties of turbulence and the dynamo growth rate γ. In particular, for the Kazantzev-Kraichnan model (Kazantsev 1968; Kraichnan 1968) , which considers the kinematic dynamo instability driven by a random velocity field that is homogeneous, Gaussian and δ-correlated in time, γ is determined by the exponent of the energy spectrum in the neighbourhood of the dissipative scale (see e.g. Tobias et al. 2012 , for a review of such dynamos). The asymptotic analysis of the Kazantzev-Kraichnan model shows that the growth time τ γ is of the order of the turnover of the eddies τ N L at the resistive scale η (Boldyrev & Cattaneo 2004) . This makes sense as these eddies
Figure 1: (Color online) The scaling regimes for a) the rms velocity U and b) the dissipation rate of kinetic energy in terms of the rotation rate Ω have the highest shear rates in such flows. For random dynamos at low P m = Rm/Re, such as those in liquid metals or stellar interiors, where the kinetic Reynolds number Re = U L/ν is much bigger than the magnetic Reynolds number Rm = U L/η (with U the rms velocity, L the size of the computational domain, ν the kinematic viscosity and η the magnetic diffusivity), the growth-rate is then completely determined by the spectral slope of the velocity at the dissipative scale of the magnetic field. However, for geophysical and astrophysical flows, which have a substantial non-random component, outside of the range of validity of the Kazantsev-Kraichnan model it may be that characteristics other than the spectral slope of the velocity field do play a key role in determining the threshold of the dynamo instability.
Here we consider turbulent flows under the effect of background rotation. Recently, Seshasayanan et al. (2017) demonstrated that the dynamo threshold can be significantly reduced if the flow is submitted to background rotation. The flows that were considered to show this, fall in three scaling regimes, which are illustrated in Fig. 1 and summarised below. In regime I (0 < Ω 2), for sufficiently small rotation the flows are random and the underlying flow is not far away from 3D isotropic turbulence. Here the rms velocity U ∝ ( L) 1/3 and the dissipation rate ∝ U 3 /L for Re 1. In regime II (2 < Ω < ω rms ), for moderate rotation the flows consist of two components; a coherent and a random component. The flows here are anisotropic, with fluctuations being suppressed along the direction of rotation. In this regime, there is an inverse cascade that forms large scale coherent vortices, called condensates. The growth of the condensate saturates when the counter-rotating vortex locally cancels the effect of global rotation with U ∝ ΩL (Bartello et al. 1994; Alexakis 2015) . In this case, the scaling of the dissipation rate is ∝ Ω 3 L 2 , as ∝ U 3 /L and U ∝ ΩL reaching a lower finite value (in comparison to regime I), independent of Re at Re 1. Finally, in regime III (Ω ω rms ) for large rotation the inverse cascade saturates owing to viscous forces and dissipative effects are dominant. Thus, U ∝ ( L 2 /ν) 1/2 and ∝ ν(U/L) 2 , similar to the energy condensation at large scales of 2D turbulence (Boffetta & Ecke 2012) .
It was found that increasing the effects of rotation in the flow leads initially to a hindering and then a facilitation of the dynamo properties of the flow at low P m; in particular it was argued that the presence of rotation makes such a low P m dynamo act more like a high P m dynamo. In this paper we investigate the reason for this transition in detail; we determine that this occurs owing to an increase in the coherence of the dynamo eddies, rather than a modification of the spectral slope (which would be important if the coherence of the eddies remained small). 
Numerical set-up
The dimensional governing equations for the kinematic dynamo problem in a rotating frame of reference are
where u, B are the velocity and the magnetic field respectively with ∇ · u = ∇ · B = 0, ν is the kinematic viscosity, η is the magnetic diffusivity, P is the reduced pressure due to the centrifugal acceleration, and ρ is the mass density. The background rotation is given by Ω = Ωê z . We integrate these equations numerically in a cubic periodic box of length 2πL using a pseudo-spectral code with a third-order Runge-Kutta scheme for the time advancement and the 2/3 dealiasing rule; for more details of the numerical code see Gómez et al. (2005) . The body force is chosen to be a 2.5D non-helical Roberts flow
, where the forcing wavenumber k f L = 4. In this study, we are interested in the low P m limit. To model the P m = Rm/Re 1 (or the Re 1 limit) we use hyperviscosity ν h where the Laplacian in the Navier-Stokes equation Eq. (2.1) is changed to ∇ 8 . The use of hyperviscocity assumes that the large scales do not depend on the exact mechanism that energy is dissipated in the small scales, and thus in principle should always be compared to the results of large Re simulations. Regular Ohmic dissipation (η∇ 2 B) is used in the induction equation, as it must for dynamo calculations.
For such a forced system, many of the familiar non-dimensional numbers may only be determined a posteriori. For example, non-dimensional parameters based on the energy injection rate = u · f (where · denotes volume and time average) are defined as follows. The magnetic Reynolds number is
and due to the use of hyperviscosity the kinetic Reynolds
The values of these parameters are given in Table 1 . For comparison we also provide the values of the non-dimensional parameters based on the rms velocity U = |u 2 | 1 2 of the flow, Re U = U/(k 7 f ν h ) and Ro U = U k f /(2Ω) (see Table 1 ).
Multiscale dynamics
Much of what is known today in dynamo theory is related to single-scale dynamos, which are characterised by a single magnetic Reynolds number Rm = U /η, where U is the characteristic flow velocity and is the single length scale of the flow. For these flows we know that the dynamo instability occurs for a critical value of the magnetic Reynolds number Rm c . Then, as Rm increases we can observe two distinct types of dynamos; fast dynamos with lim η→0 γ(η) = γ 0 > 0 and slow dynamos with lim η→0 γ(η) = γ 0 0. Note that, for flows defined at a single scale , the natural unit of γ is the inverse of the eddy turnover time τ N L = /U . One way to extend some of these ideas to turbulent flows characterized by multiple scales is to define the scale-dependent magnetic Reynolds numbers Rm(k) = u(k)/(η c k) (see e.g. Tobias & Cattaneo 2008a) . Here η c is the value of the magnetic diffusivity at the dynamo onset. One may also define the turnover time τ N L (k) = 1/(ku(k)) and consider a multiscale velocity field u(k) which can be determined from
using the definition of the kinetic energy spectrum. Thus, by computing E u (k) we can easily obtain the scale-dependent quantities Rm(k) and τ N L (k), which is a good starting point to understand what determines the dynamo growth rate in turbulent flows.
In Fig. 2a we show the spectra of the kinetic energy for the flows with the three different rotation rates we considered (see Table 1 ). The flows with Ω = 0 and Ω = 1 fall in the regime I of Fig. 1 where behaviour close to Kolmogorov is observed with the spectrum E u (k) ∝ k −5/3 . Deviations from this scaling appear toward the dissipation range and are expected due to the use of hyperviscosity. The flow with Ω = 3 falls in regime II of Fig. 1 where energy condensates at low k changing the scaling of the spectrum. At large wavenumbers a spectrum close to k −5/3 is expected to be recovered for lengthscales smaller than the Zeman scale, i.e. k > (Ω 3 / ) 1/2 , which is the scale where the rotation period τ w = Ω −1 is equal to the eddy turnover time τ N L . For reference, we also present the spectra of the magnetic energy E b (k) for Rm close to onset (see Fig. 2b ). For the flow cases Ω = 0 and Ω = 1 the spectra are almost flat with the magnetic energy equally distributed across a range of scales and with an exponential decay at high wavenumbers. On the other hand, the magnetic energy spectrum for the case Ω = 3 decreases strongly with k. The k −3 power-law has been plotted as a guide to the eye. The peak of the magnetic energy is at k = 3, while the energy at the largest scale of the flow (k = 1) is more than an order of magnitude smaller.
In order to have a visual representation of the two flow regimes, we show renderings of the vertical component of vorticity ω z in Fig. 3 for the flows with Ω = 0 and Ω = 3. The blue coloured contours correspond to vertical vorticity aligned with the background rotation (ω z > 0, co-rotating) while red correspond to vertical vorticity anti-aligned with the background rotation (ω z < 0, counter-rotating). The non-rotating flow displays a vertical vorticity that is homogeneously distributed in the box over a large population of randomly oriented structures (see Fig. 3a ). On the other hand, the rotating flow is organised into a strong coherent co-rotating large scale vortex and a counter-rotating vortex responsible for the energy cascade to small scales, which is typically observed in rotating turbulent flows (Dallas & Tobias 2016; Alexakis 2015; Guervilly et al. 2014) . To sum up, from Figs. 2 and 3 we can infer two effects that take place: i) the suppression of turbulent fluctuations and ii) the organisation of the large scales in space and time, making the flow more efficient in driving the dynamo (Seshasayanan et al. 2017) . Now, to identify which of these effects and properties of the flow are more important for these low P m rotating dynamos we consider the wavenumber dependence of the magnetic Reynolds number (see Fig. 4a ), which we compute based on the kinetic energy spectrum as
using Eq. (3.1). For all the flows the magnetic Reynolds number decreases monotonically with k. Note that for the cases with Ω = 1 and Ω = 3 Rm(k) is maximum at the largest scale of the flow (k = 1), while for Ω = 0 is at the forcing scale (k f = 4). Moreover, for the flow with Ω = 3 the Rm(k) is considerably suppressed for k 10 in contrast to the other two flows. This observation indicates the suppression of the velocity fluctuations in this range of scales in agreement with Figs. 2a and 3. The transfer of kinetic energy to magnetic energy occurs via the shearing of magnetic field lines and so the shear amplitude is a key quantity for dynamo action. Actually, the growth rate γ is assumed to be proportional to the largest shear S of the flow for . So, let's now consider the scale-dependence of the eddy turnover time (see Fig. 4b ), which we compute as
using Eq. (3.1). For the flows with Ω = 0 and Ω = 1 the smallest values of τ N L lie at the small scale eddies (see Fig. 4b ) while for Ω = 3 the smallest eddy turnover times occur at the wavenumber range 4 k 10. In other words, for flows in regime II, which are flows with a coherent and a random component, the largest shear amplitudes occur at much larger scales than for random flows (i.e. flows in regime I), where the highest shear rates occur at small scales. From the above observations is evident that the range of scales that determines the dynamo growth rate γ depends on the slope of the kinetic energy spectrum because it controls the amplitudes of the local magnetic Reynolds number and the turnover time. For the flows in regime I is not clear whether the large scales which have the largest Rm(k) but the longest τ N L (k) are more important than the small scales with the smallest Rm(k) and the shortest τ N L (k). Even though for these random flows we cannot deduce which scales are going to determine the dynamo growth rate, for the flows in regime II the large scales are clearly those that have the first word on γ. This is because they exhibit the largest magnetic Reynolds number and the shortest turnover times (i.e. the largest shear amplitudes) across the scales.
Note though that besides the magnetic Reynolds number and the eddy turnover time, the dynamo growth rate is also a function of the coherence of the flow (Tobias & Cattaneo 2008b) . All of the above considerations are important only if the correlation time of the eddies is long compared with their turnover time. A measure that quantifies appropriately the coherence in the flow is the correlation timescale (Favier et al. 2010) . To obtain the scale-dependence of the correlation timescale for our flows, we compute the Eulerian two-time correlation function of the velocity Fourier modesû(k, t), which we define as
where * indicates the complex conjucate modes of the velocity field and here the angle has also been included in the plot for reference. The correlation time of the eddies for the rotating flow with Ω = 3 (regime II flow) is clearly larger for length scales up to the Zeman scale, i.e. k (Ω 3 / ) 1/2 in comparison to the flows with Ω = 0 and Ω = 1 (regime I flows). On the other hand the flow in regime II τ c (k) is found to be smaller at lengthscales that do not feel the effect of rotation (i.e. k > (Ω 3 / ) 1/2 ) in contrast to the flows in regime I.
To identify which scales feel more the effect of the background rotation we plot the scale dependence of the Rossby number in Fig. 5b , which we have computed as
using Eq. (3.1). For weak rotation (Ω = 1) the effect of rotation relative to the nonlinear term becomes quickly negligible as scales become smaller. This is because Ro(k) monotonically increases as k increases until it reaches the highest wavenumbers where dissipation dominates. Now, for the flow with Ω = 3 the effect of rotation across scales is much more important but still weakens when Ro(k) monotonically increases again for large k. This is due to the suppression of fluctuations along the axis of rotation, which reduces the dissipation rate of the flow and thus the kinetic energy is distributed differently across scales as we saw in Fig. 2a . So, the plots in Fig. 5 clealy suggest that the coherence in time of the flow is induced by the background rotation. It is this organised component of the flow whose coherence time is long compared with the turnover time and plays a decisive role on the vast improvement of the dynamo growth rate (Tobias & Cattaneo 2008a; Seshasayanan et al. 2017) . To sum up, using different measures we have identified that a range of large scales of the non-random turbulent flow, which exhibit i) large values of the magnetic Reynolds number, ii) small values of the eddy turnover time and iii) long coherence times, are those that determine the dynamo growth rate in comparison to random flows. These ideas can be made somewhat more quantitative by assuming that each velocity scale acts in its own right as a "quick dynamo", i.e. that each dynamo scale reaches its maximum growth-rate quickly as a function of Rm (Tobias & Cattaneo 2008a) . To be specific, we assume that the dynamo growth rate ascends very steeply close to Rm c . Following Tobias & Cattaneo (2008a) we can model the growth rate γ of such a dynamo at scale k, where γ is measured in terms of the (inverse) of the local turnover time, by assuming the following growth-curve dependence on Rm
where γ min is the (negative) growth rate at Rm = 0, γ max is the maximum growth rate and δ is a fitting parameter that gives the dependence of growth rate on Rm. In figure  6 we plot Eq. (3.6) for different values of δ and for γ min = −0.5 and γ max = 0.5. In this scenario each scale in isolation can act as a dynamo, with dynamo action setting in at Rm ∼ O(1) and reaching its maximum growth rate by Rm ∼ 30 − 50. This is not unreasonable for fast dynamo action (Galloway & Proctor 1992; Seshasayanan & Alexakis 2016) . So, without loss of generality we choose δ = 20, γ min = −0.5, γ max = 0.5 and we plot the scale dependence of the growth rate γ(k) using Eqs. (3.6) and (3.2) divided by the local turnover time from Eq. (3.3) to identify the dynamo scales (see Fig. 7 ). The top row of Fig. 7 corresponds to the flow with Ω = 0, while the bottom row to Ω = 3. In this figure we also plot the scale dependence of the growth rate per local turnover time using subcritical (Rm < Rm c ) and supercritical (Rm > Rm c ) values of the magnetic Reynolds number in Eq. (3.6). In this way, we want to show the scale dependence of the growth rate on Rm by keeping P m fixed. Any points of the curves lying above the γ(k)/τ N L (k) = 0 line indicate the dynamo scales.
If we now compare Figs. 7a and 7d we see that there are no dynamo scales for the flow with Ω = 0, while k = 1 turns out to be a dynamo scale for the flow with Ω = 3. From Fig. 7 is clear that by changing the value of Rm by an order of magnitude in either direction when we compute γ(k) does not affect the dynamo scales much. This is particularly true for the non-rotating flow (see top row in Fig. 7 ) where dynamo scales appear only for values of Rm much greater than Rm c . On the contrary, for the flow with Ω = 3 it is clear that as Rm increases further from Rm c the number of wavenumbers with γ(k)/τ N L (k) > 0 increases cosiderably and the scale with the largest growth rate becomes smaller (see Figs. 7e and 7f) . Finally, the general picture from Fig. 7 is that the flow in regime II is a better dynamo than the flow in regime I, in the sense that a lot more scales have positive and larger growth rates per local turnover for the rotating flow than for the non-rotating flow. 
Conclusions
One of the fundamental questions in kinematic dynamo theory is what determines the growth rate γ of the dynamo instability, and how. For random flows like the KazantsevKraichnan model, at low P m, it has been shown that γ is determined by the slope of the energy spectrum and that the growth time is of the order of the turnover time at the scales with the highest shear amplitude, which are the resistive scales in such flows. However, geophysical and astrophysical flows contain a non-random component and whether the theory from the Kazantsev-Kraichnan model is enough to explain what determines the dynamo growth rate in these flows is an open question.
In this paper, we addressed this question by analysing flows in two regimes. Regime I consists of the non-rotating and slowly rotating flows, which can be considered to be in some sense random and regime II consists of the rapidly rotating flows, which contain a significant non-random component reminiscent to the coherent structures of geophysical and astrophysical flows. For rapidly rotating flows we observe two effects: i) the suppression of turbulent fluctuations along the axis of rotation and ii) the organisation of the large scales in space and time. The impact of these two effects on flows in regime II is the change of the kinetic energy spectrum which has a clear influence on the local magnetic Reynolds number Rm and turnover time τ N L . Analysing the scale dependence of these two quantities, we find that the large scales of the flow in regime II exhibit large values of Rm and small values of τ N L , which benefit the dynamo onset.
At this point, one can claim that the Kazantsev-Kraichnan model could be enough to explain the growth rate because all we get is essentially a change of the slope of the kinetic energy spectrum. However, by computing the scale dependence of the correlation timescale we also find that the large scales are dominated by coherence times much longer than the local turnover times. Hence, the Kazantsev-Kraichnan formalism is not useful and one has to appeal to the multi-scale quick-dynamo theory of Tobias & Cattaneo (2008a) . Thus, the combination of i) the long coherent times and ii) the large values of Rm at the large scales are the characteristics that determine the dynamo growth rate in these non-random turbulent flows. Our analysis for non-random turbulent flows should be applicable to more general geophysical and astrophysical flows that are influenced by rotation, stratification and shear as they tend to be dominated by coherent structures. This is something that could be tested further from future studies.
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